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PreK HLC

Understanding of number values and sequences to 10 (counting, cardinality, conservation, and stable order)
1:1 Correspondence

Students must use models to build understanding of the HLC and interact with a variety of contexts.

Rote Oral Count Sequence (rote counting from T; rote counting from any start number)

Counts Forward (FWD) from1to 5 Counts FWD 1to 10

one, two, three, four, five } one, two, three, four, five,
six, seven, eight, nine, ten

Counts Backward (BWD) from 3 Counts BWD from 5 Counts BWD from 10
three, two, one } five, four, three, two, one } ten, nine, eight, seven, six,

five, four, three, two, one
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PreK HLC Learning Progressions

Subitizing (immediate recognition of quantity - five frames, fingers, regular dot patterns, irregular dot patterns)

Perceptually subitizes reqular patterns within 5
(Immediate recognition of quantity)

Perceptually subitizes irreqular patterns within 5
(immediate recognition of quantity)

Example quick images to support subitizing regular patterns

F \
..O.J
“

Example quick images to support subitizing irregular patterns

® O

& ..

Symbolic Notation

Identifies numerals within 5

ldentifies numerals within 10

3 =[] &
= 5] &

= 0 =g
I 6
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Count Objects to Determine Cardinality (cardinality demonstrates understanding that the last number in the count is the quantity)

Students are given amounts of discrete objects to determine the total quantity. All of the skills noted below are observable during a Counting Collection. Each
understanding might develop at different times for each number range.

Counts objects within 5 Counts objects within 10

The following understandings develop at different times for each number range:

-1:1 correspondence (each item gets one count)

-Organizing (keep track of what's been counted and what still needs to be counted without prompting)

-Tracking methods (the actual gesture of touching and counting)

-Stable order (correct number word sequence)

-Cardinality (last number in the count is the quantity)

-Conservation of number (quantity is the same regardless of arrangement - ex: objects lined up, then spread out, organized by 10 or not organized)

This is
also four
gems.

1:1 Correspondence 9

Cardinality

Conservation of Number
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Ordering & Magnitude

PreK HLC Learning Progressions

For various quantities, students may compare by subitizing, matching (1:1) lining items up, or counting quantities. This concept is also impacted by
conservation of number - consistent count regardless of orientation ("It is still 4, the cubes are just spread out”).

Compares quantities within 5

Five fingers are more than two
fingers.

FTT1
XTI

Both rows have the
same amount of
cubes. They both
have four cubes.

Two fingers are fewer than
five fingers.

Compares guantities within 10
[ Seven cubes are fewer

[ Nine dots are more th\aﬂjoti]
than nine cubes. }

[ Eight dots are fewer tm

Nine cubes are more
than seven cubes.

Orders numerals 1-5

Orders numerals 1-10

Orders non-sequential numerals within 10

H/1/5)5)12
l

[112]13] 4|5

[3J8fio1 75136
)

NAEEEEEE

EEER
l

11131]6]71|9
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Kindergarten HLC Learning Progressions

Kindergarten HLC

1:1 Correspondence Comparing quantities

Understanding of number values and sequences to 20 (counting, cardinality, and stable order)

Students must use models to build understanding of the HLC and interact with a variety of contexts.

Rote Oral Count Sequence

Counts Forward (FWD) from1to 5 Counts FWD from 1to 10

Counts FWD from 1to 20

Counts FWD within the range 1-20

starting at any number

one, two, three, four, five,
six, seven, eight, nine, ten

wh ree, four, five ]

]

/

Examples only:

one, two, three, four, five, six, {
seven, eight, nine, ten, eleven,

three, four, five, six, seven, eight,
nine

&

twelve, thirteen, fourteen, fifteen, {

J

eight, nine, ten, eleven, twelve,
thirteen, fourteen, fifteen

-

sixteen, seventeen, eighteen,

J

fifteen, sixteen, seventeen,
eighteen, nineteen, twenty

J

Counts Backward (BWD)

Counts BWD from 5
from 3

Counts BWD from 10

nineteen, twenty
Counts BWD from 20

Counts BWD within the range
1-20, starting at any number

twenty, nineteen,

three, two, one

whre& two, one ]

ten, nine, eight, seven,
six, five, four, three,
two, one

eighteen, seventeen,
sixteen, fifteen, fourteen,
thirteen, twelve, eleven,
ten, nine, eight, seven, six,

five, four, three, two, one

Examples only:

{ eleven, ten, nine, eight, seven ]

twenty, nineteen, eighteen,
seventeen, sixteen

seventeen, sixteen, fifteen,
fourteen, thirteen
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Subitizing (immediate recognition of quantity - five and ten frames, fingers, regular dot patterns, irregular dot patterns)

Conceptually subitizes within 10
(Quickly compose greater quantities by “seeing” and combining smaller
parts - part/oart/whole and/or decomposing/composing)

Perceptually subitizes within 5
(Immediate recognition of quantity)

Examples of quick images to support perceptual subitizing Examples of quick images to support conceptual subitizing
FW
Ty

© § |
o | |
|

| ®
®

Y [/ 4
&y

| SVRVIVSRISURPRADSIREOY W

Symbolic Notation Reversals in numeral formation are expected at this developmental stage, but transpositions (eg., 71 for 17) are an indicator of
a misconception and may interfere with representing quantities.

Identifies numerals within 5 Identifies numerals within 10 Identifies numerals within 20

5 (= ) & (6

th|rteen eleven
Writes numerals within 5 Writes numerals within 10 Writes numerals within 20
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Count Objects to Determine Cardinality (carginality demonstrates understanding that the last number in the count is the quantity)

Students are given amounts of discrete objects to determine the total quantity. All of the skills noted below are observable during a Counting Collection. Each
understanding might develop at different times for each number range.

Counts objects within 5 Counts objects within 10 Counts objects within 20

The following understandings develop at different times for each number range:

-1:1 correspondence (each item gets one count)

-Organizing (keep track of what's been counted and what still needs to be counted without prompting)

-Tracking methods (the actual gesture of touching and counting)

-Stable order (correct number word sequence)

-Cardinality (last number in the count is the quantity)

-Conservation of number (qQuantity is the same regardless of arrangement - ex: objects lined up, then spread out, organized by 10 or not organized)

Examples of counting collections

one, two, three, four, five

There are five dots. one, two, three, four, five,
six, seven, eight, nine, ten

one, two, three, four, five,

six, seven, eight, nine, ten,

eleven, twelve, thirteen, fourteen, fifteen,
sixteen, seventeen, eighteen, nineteen, twenty

There are ten dots.

There are twenty dots.

© 2019 All Learners Network Page 3 of 4 HLC Kindergarten Learning Progressions (Revised 08/01/23)
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Ordering & Magnitude

Kindergarten HLC Learning Progressions

For various quantities, students may compare by subitizing, matching (1:1) lining items up, or counting quantities. This concept is also impacted by
conservation of number - consistent count regardless of orientation ("It is still 4, the cubes are just spread out”).

Compares quantities within 5

Compares quantities within 10

Compares quantities within 20

F|ve fingers are more than two }

ﬂngers
5is greater
than 2.

\ 4 =

than 5.
Two fingers are fewer than
ﬂve fingers.

Wore than eight dots. ]
8is less
than 9.

[ Eight dots are fewer W

9is
greater
than 8.

18 is greater
than1e.

than sixteen beads.

— <

[ Eighteen beads are more ]

16 is less
than 18.

Sixteen beads are fewer
than eighteen beads.

Orders numerals 1-5

Orders numerals 1-10
(sequential or nonsequential)

Orders numerals 1-20 (sequential)

/1]5)5)2]
l

[112]13] 4|5

EmEEn 7DDD]

m@@@@@@@@@
glid[7]5SI2]

"
AEHER

&2
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Grade One HLC

Understanding of number values and sequences to 120 (cross century, cross decade)
Understanding place value when adding and subtracting numbers within 100 (in context and in equations)

September — Grade One Learning Progressions — June

Students must use models to build understanding of the HLC and interact with a variety of contexts.

Rote Oral Count Sequence Teachers need to purposefully choose a variety of number ranges including opportunities to practice teen numbers, crossing
decades, and centuries. This information is often best collected in student interviews checking on clusters of 5 numbers at various starting points.

Counts Forward (FWD) and Backward Counts FWD and BWD within the Counts FWD and BWD within the Counts FWD and BWD within the
(BWD) within the range 1-30 starting at | range 1-50 starting at any number range 1-100 starting at any number range 1-120 starting at any number
any number
Skip counts by 10s FWD and BWD Skip counts by 10s FWD and BWD
within the range 1-100 on decade. within the range 1-120 starting at any
number.

Subitizing (immediate recognition of quantity - ten and twenty frames, fingers, regular dot patterns)

Conceptual subitizing within 20 (quickly composing greater quantities by seeing and combining smaller parts and using groups of ten)
This connects to an understanding of part/part/total and/or decomposing and recomposing.

o0 ® ® A A 000

Examples of quick 000 o0 00000 AAA 0000000
images to support o .. .. 00000000
conceptual subitizing ... .. ® ‘. ‘. A A 000 (0000
o0 -4 AAA AAA [ece [ode

Symbolic Notation Reversals in numeral formation are expected at this developmental stage, but transpositions (eg., 71 for 17) are an indicator of a
misconception and may interfere with representing quantities.

Identifies and writes numerals within 20 Identifies and writes numerals within 100 Identifies and writes numerals within 120

© 2019 All Learners Network Pagel1of7 HLC Grade 1 Learning Progressions (Revised 08/01/23)
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Counting Collections to Build Place Value Understanding

Students must use models to build understanding along this trajectory and interact with a variety of contexts for counting. Models should support
students developing understanding of the magnitude of digits in their place values. Students are given amounts of discrete objects to determine the
total quantity. All of the skills noted below are observable during a Counting Collection. Each understanding might develop at different times for
each number range. Students must use models to build understanding of unitizing: 10 ones =1 ten; 10 tens = 1 hundred.

Counts objects within 50 Counts objects within 100 Counts objects within 120

Counts objects within 20 (using groups of ten) (using groups of ten) (using groups of ten)

-1:1 correspondence (each item gets one count)

-Organizing (keep track of what's been counted and what still needs to be counted without prompting)

-Tracking and recording methods (organizing, grouping and recording)

-Stable order (correct number word sequence)

-Conservation of number (quantity is the same regardless of arrangement - ex: objects lined up, then spread out, organized by 10 or not organized)

Examples of counting collections

K( t ty, thirt \
. . . . . tﬁ;}tg\?’c?:e%hirltrg%wo,
‘ . . . . thirty-three, thirty-four,
thirty-five, thirty-six,
..‘.. ’ /I /I /l /I /| /l ;)l /| )| )‘ thirty- seven
. one, two, three, four, five, ‘ II \’l " ’l ’| ,l ,l "| ’| "1 KThere are thirtU'SGVeQ;E/

six, seven, eight, nine, ten, l /I )I /‘ /l /I '/‘ /‘ ./I /I /l

eleven, twelve, thirteen, fourteen, fifteen, =T [
sixteen, seventeen, eighteen, nineteen, twenty | ,I ,l ,‘ ,I ,| ,I ,l ,| i| 7‘ [T — L
|
There are twenty dots. BE B
Ten, twenty, thirty, forty | ten. 2 tens. 3 tens [\é ; ; \;
There are forty gems. ?t?’dt7 onesis ‘: — ; \Z
irty-seven \
one, two, three, four, five, There are H N
six, seven, eight, nine, ten, A EEE ) @UlBEs - IR \;
eleven lol1[2]3[4]s][e]7[s]o[w0]n] Y -l
There are eleven cubes. l-_.-__.”.n |: il \; \:
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Ordering & Magnitude

Grade One HLC Learning Progressions

Compares quantities within 20 by using items or
visuals - using perception and/or counting

Compares quantities within 100 by using
models - using references to counting or how
many more/less or by using place value

Compares quantities within 120 by using models
- using place value language, including
knowledge of tens and ones

gils,%reoterthon [.|.I.l.|..l.l.l.| |
more box e[e/e/e/0/00@® [ |

8 is less than 9. It
has one fewer
box.

18 is greater than 16.
It has two more
beads.

16 is less than 18. It
has two fewer
beads.

00000 00000 00000
00000 00000 00000 65 is greater
00000 00000 00000 than 56.
00000 00000 00000 65 has 1 more
00000 ten frame.
00000 00000 when |
00000 00000

count | say
00000 00000 00000 56 before |
00000 00000 00000 say 65
00000
()

56 is less than 65.
56 has 1 fewer ten frame.

o/®|[®e)
88@
0es

116 is greater than 115.

Both numbers have
1 hundred and 1 ten,
but 116 has 1 more one.

[o/0|[0/0]00]0e]
i
eelecles

diee
000

ﬁ

@@
@8
38

£t

gEse
I.i. o}o o}

Orders numerals, sequential and nonsequential,
within 20

Orders numerals, sequential and nonsequential,
within 100

Orders numerals, sequential and nonsequential,
within 120

|
|

\GHE S
Kjﬂ/
AREEE

sl

FEIEE

171139 |4 701 86
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Grade One HLC Learning Progressions

Operations: Addition and Subtraction students must use models to build understanding along this trajectory and interact with a variety of
contexts for addition and subtraction. Models should support students developing understanding of the magnitude of digits in their place values.

Composition, Decomposition Students must use models to build understanding and flexibility when composing and decomposing quantities.

All numbers within the range 1-10

All numbers within the range 1-20

All numbers within the range 1-50

All numbers within the range 1-100

7

o000 00e | | |
ooeoo0oee0e | |

0000000000

CICICICICICICICIC I
oeoeeee | | | |

O0000000IC)
000000000

oloe0/000000)

OO0

0000000000

(4.
4 tens and 1 one
AND

\3 tens and 11 ones.

f

Vo9V veee@ vwvvvl
|ovovv|vvmv!  ahdhdndnd
ve vy vl v vee
V999V vvvee
V9999 ¢ @
22020282
H }vovv{v”v‘vvvv
v v v [vevee

VOV | veoVvVPV i ivveee
VOV V| vV vV

VoPVIPoVPVo99e

[ 72 can look like...

6 tens
12 ones

a‘oma_ “vooo{o“vovvo
v v

vveve

. 5 tens
s 22 ones

Properties of Addition These properties are investigated throughout the year with different numbers and problem situations. The sequence of how the
properties appear below does not suggest the order in which to explore them. Many times the properties can be explored simultaneously with student work.

Commutative Property

Associative Property

Identity Property

%
o

3 and 4 makes 7

too

e %,

4 and 3 makes 7,

3+4+7

OCOOAAAA
YooVVPVVO

It doesn’t matter what order
you put them together.

)G ]

AAAA

ANIA 4 4 4 4 4 4 4

3+4+7=7
3+4=7
7+7=14

3+4+7=7
3+7=10
10+4=14

|

When you add zero to any number, the
number stays the same.

the number doesn’t change.

ﬁ

[ | don’t have anything to add so }

© 2019 All Learners Network
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Grade One HLC Learning Progressions

Place Value - Building Understanding Students must use models to build understanding along this trajectory and interact with a variety of contexts for
addition and subtraction. Models should support students developing understanding of the magnitude of digits in their place values.

Models the number 1 more/1 less
within 20 (connect to before/after)

Models the number 1 more/1 less
within 50

Models the number 1 more/1 less
within 100

Models the number 1 more/1 less
within 120

6 comes

[ 6 is one
before 7.

less than 7.

7 comes
after 6.

8 is one
more
than 7.

7 is one
more
than 6.

7 comes
before 8.

[29isone|essthon30. ]
e e o6 66 o o 9
e e e o 6 e e o o
o e O o e e o o o
e e e e o e e o 9
o oo o 00 (e e
e e e e e e o o6 o
e e e o6 6 6 o 9o 9
e e e e e o o o
o e e o 66 o0 ¢
e e | e e e e o9
@

—
—

31is one more than 30.

:"o’ob

e

59 is one
more than
58 and
one less
than 60.

108 is one less
than 109.

109 is one less
than 110 and
one more
than 108.

s
e

110 is one
more than
109.

e
L

© 2019 All Learners Network

Models the number 10 more/10 less
within 50

Models the number 10 more/10 less
starting at any number within 100

Models the number 10 more/10 less
starting at any number within 120

0000000000
e/e/e/e/0/e 000
o/e/e/e/0/0 0000

0000000000
0000000000
o/e/o/e/0/e 000

20 is ten
more than
10 and ten

less than 30.

30 is ten
more
than 20.

Q0000
oeee |

59 is ten
more than

49 and ten
less than
69.

J

100 is ten less
than 110.

: 110 is ten less
than 120 and

ten more than
100.

-

i
i ang

N
120 is ten

more than 110.
_\ )
000 0000

i
i
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Use Place Value to compose, decompose and recompose

Decompose both numbers to add and subtract, decompose one number to add and subtract, recompose like units, missing addend, compensation
There is an explicit connection between counting and addition (i.e. counting 10 more is the same as adding 10, counting back 10 is the same as subtracting 10).

Models & Strategies for Addition

Strategies
Place Value: Decompose Place Value: Decompose ;
" - it Compensation
; both numbers i one number e

: A 24+17,,
L] L} —— 3
: o : AT 55 % 5= BL)’ /O LJ =0 g
A ! OO10010 = V 80
' % ; 0| [o0]lo ¥ o0
. N @e] [@e] o | 90
M i [ [®] | - [@[9]
1 g u4+7-6) 5
' @ o'o| |
v 9.0 ¢
‘ : S
- PA—— :
U) ety 1]
— K C3Y4l7 I4+1T .,
QO I ?\‘1 A *{3|+20°
T HERHAR
o ! O . 1[2]3]uls[e[7][s]a]w 1[2[3]4[s[e[7]a][a]w 1[2][3[«]s]e[7]8]a]w
S B w213 w156 718 1920 R 3 ws e 7 8o 20 nR 356 7 8 0 20 3y
‘ _QQ) ' 212223 24 25 26A27.28.29.30l30+lo_—_-qo 2 2 23 25|26 27|28 29|30 2122235 2425|2627 28 29 30
£ 3 |32 3334 35 36| 37 38 30| uo) q 3 2 333 % 3 383w 3Y+|0=HY m£3‘ ¥ 3% 343536 3 38 30w |T7+3
E 2 E a2 %‘W\IQS'%'W:%'HQ:SO 4o+ Y4=uy 4l 42 |43 W4 45|46 W7 48 40 SO s 7 _@ “D%-u_uz A3 W us ue W ua uo SO 3I+ZO=@
. - (B1) 52|53 54 55|56 7|58 59|60 qd+7= (8),52 53 54 55|56 57 58|59 60 . () 52|53 |55 56 57 58|50 60
[ ———— ' i ==
; o ; 5‘{*'//2 24417 24417
' VA N - ;
1 3 W . |30kY 1047 ‘O [0+ SL'{‘FIO-—LIL/ Z J*B
' SO ! 30+ - 31+20
[ > P ] L{L{ +7_
' [ L_l.{.. _/ O
QO 4o 0
8% i 1 ‘W
1] m L
T DI E %g 20+ [l:@ % EIE
. - (- - | E
TIPS, :
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Models & Strategies for Subtraction

Strategies

Place Value: Decompose Place Value: Decompose Missing
‘ it by Compensation i
; both numbers o one number i Addend ;

. 65 -43 65 - 43

g | s RS (T

' 1 @ = 9O |

¢ £ s alas 43+ =D(gig| [0 no gojag 53 | A3

T @© ® o/0| (00| (00| (00 [0/ 1 m

o= 0 0o DD DD DD ag o] [0le] [&8] [670)

! & b I %% q3+ il @8[] 72+2=74!

t @ s | 3|0® o | b5+ = 65 g 38+2=40.

. = o ii 8= 20+ 2= ™ LIO-@

L ______ 1

F e 65 -43 65-43

i B A A \y 1/2[3]uls|el[7]/8/aiw

- &0 : 40«3 1/2|3[u|s|6|7|8]|e|0 Y3+ =S (n|2|B w56 W 1810 20

. 1 Number Paths are not b bt bl e . = 223|252z |22 » Number Paths are not

i & | anappropriate model || o .75 szsssmnenw e L Loaiiiroll anappropriate model

A - i : F = W [H2 | 43| 45 U6 M 8 D 5O :

: E for this strategy. 25-3:0) Elolhiaaoinn Z?; b5 |S%2/% 5 % 5w 5 % % e for this strategy.

: 2 - 61 62 63 €4 65 66 67 68 60 10 20+ 2=22 902,09 0,650 [%|®[0

:'.'.'.'..'.'.'.:

: ie5-43 65 -43 65, - 43 .- 3| [ 7238,

o [ /\ N A & i

i Sw 'eo+S HorD 4o+3 , 4a+_ b5 2042 @ 74 - 40

' © (© : . - 7242::74

> 5-40-25 4D

'O © ' X 74-40:@

(| S | X o

N [ D

: : | g

N . O 53 us 0
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Grade Two HLC Learning Progressions

Additive Reasoning

Grade Two HLC

(in context and in equations) (NO standard algorithm)

Use place value understanding to add and subtract numbers accurately, flexibly, efficiently, and strategically within 1,000

September —_

Grade Two Learning Progressions

e June

Students must use models to build understanding of the HLC and interact with a variety of contexts.

Rote Oral Count Sequence (rote counting from T; rote counting from any start number)

Teachers need to purposefully choose a variety of number ranges including opportunities to practice teen numbers, crossing decades, and centuries. This information
is often best collected in student interviews checking on clusters of 5 numbers at various starting points.

Counts Forward (FWD) and Backward
(BWD) within the range 1-120 starting
at any number

Counts FWD and BWD within the
range 1-220 starting at any number

Counts FWD and BWD within the
range 1-500 starting at any number

Counts FWD and BWD within the
range 1-1000 starting at any number

Skip counts FWD and BWD by 10s
starting at any number within the
range 1-120

Skip counts FWD and BWD by 10s
on decade within the range 1-1000

Skip counts FWD and BWD by 10s
starting at any number within the
range 1-500

Skip counts FWD and BWD by 10s
starting at any number within the
range 1-1000

Skip counts FWD and BWD by 100s starting on century within
the range 1-1000

Skip counts FWD and BWD by 100s starting at any number within
the range 1-1000

Ordering & Magnitude

Uses place value understanding to compare 2-digit numbers.

Uses place value understanding to compare 3-digit numbers.

56 is less
than 65. 56
has 1 fewer
ten.

[ 65 is greater than 56. 65@&]

|:::::| |=::::l ::: oo000 00000

()

o6 (000000000
[co/0/0/0| 0000000000 000006 00000 060000
OO0OCNOOOCOCNOCCIC)

Q0000000000000
o0000
()

324 has 1 more hundred. 243 has 1 fewer hundred.

)
| |
O
|

[ 324 is greater than 243. } [ 243 is less than 324.

[ ] |

o00e0e
o [ [ [ ]
© 2019 All Learners Network
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Grade Two HLC Learning Progressions

Operations: Addition and Subtraction students must use models to build understanding along this trajectory and interact with a variety of
contexts for addition and subtraction. Models should support students developing understanding of the magnitude of digits in their place values.

Composition, Decomposition Students must use models to build understanding and flexibility when composing and decomposing quantities.

Students must use models to build understanding of unitizing: 10 ones = 1ten; 10 tens = 1 hundred, etc. as well as equivalent representations of a specific quantity
(i.e 126 is simultaneously 126 ones; 12 tens and 6 ones; 1 hundred, 2 tens, and 6 ones; 1 hundred and 26 ones; 11 tens and 16 ones; 9 tens and 36 ones; etc.)

All numbers within the range 1-50

All numbers within the range 1-100

All numbers within the range 1-1000

o0 [@][@] Q00
oo 0 e Q010
o/o® e o/e® o
eo/e/e/® oo o®
oeeje® (000 o
OIQI0I0 oo * O
QiIginIn OI0ICEAY
QiIQIaIn o0 0e®®
o0 @ Q010
oe@0 Q00

(41is..

4 tens and 1 one

AND

kBtens and 11 ones.

[ 72 can look like... L

VvV [FeeVY| [Feee9

v v [vev e [vevee

Hl'"'l Vv [Peee

v v [veeee lvv:vv‘v

[Vo9e@ »@

aRaia

v‘vvvv'l vvva vviovgi

v v v [vevee [vevee 6 tens
Voo Ve v Feee9

vwvwvl vvvvv“vvwv‘v 12 ones
PIPVPIIIPPPY 9@

Hv’o’vy‘l |vyiv|v|v‘| |v|v4vbv|v|
v e v [vvevel vevew

[PV v e9] [ve 999

5 tens
oevvevew ow

PvPPPIVPY 22 ones

ve
L\ A 4

[ | can show 245 as...

]l 2 hundred,
) 4 tens, and
5 ones.

EEEEDR

] 24 tens and
]
= 5 ones.
1]
)
IEEEEEEEEEEEEEEEEEENEEEE
o o e e o
oooog IEEENEEEEEEREEE
EREEN EEEEEEEEEE | ] | |
[ IHEE EEEEEEEE | |
0 o o o i o o [ e )
5 6 6 6
000000000000000000000
0O0000000noOg EEEEEE
| T I I [

Builds and tells the value of the digits in any 2-digit number.
Decompose any 2-digit number into its place value parts.

Builds and tells the value of the digits in any 3-digit number.
Decompose any 3-digit number into its place value parts.

DEEEE
EEE

£3 |||||||||| |||||||||| ||||||||||
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Grade Two HLC Learning Progressions

Properties of Addition These properties are investigated throughout the year with different numbers and problem situations. The sequence of how the
properties appear below does not suggest the order in which to explore them. Many times the properties can be explored simultaneously with student work.

Commutative Property

Associative Property

Identity Property

o 0% %,

3 and 4 makes 7 4 and 3 makes 7,
too

It doesn’t matter what order
you put them together.

3+4+7
OCOCAAAA (342777
4 4 4 4 4 4 SR

WANIA 4 4 4 4 4 4 4
AAAA 3+444+7=7

347=10
10+4=14

When you add zero to any number, the
number stays the same.

| don’t have anything to add so
the number doesn’t change.

Place Value - Building Understanding Students must use models to build understanding along this trajectory and interact with a variety of contexts for
addition and subtraction. Models should support students developing understanding of the magnitude of digits in their place values.

within 220

Models the number 1 more/1 less

within 500

Models the number 1 more/1 less

Models the number 1 more/1 less
within 1000

108 is one less
than 109.

109 is one less
than 110 and
one more

[@e
i
sslssles

109.

than 108.
110 is one
more than

]
]
]
]
(]

159 is one
less than
160.

EEEE

160 is one
less than
161 and

one more
than 159

EEEER
cEE@

161is one
more than
160.

One less than 574 is 573.
One more than 574 is 575.

399 is one
less than
400.

A
V

One more
than 399

572 573 574 575 576

completes the
hundred to
make 400.

© 2019 All Learners Network
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Place Value - Building Understanding (cont,)

Grade Two HLC Learning Progressions

Models the number 10 more/10 less
from any number within 120

Models the number 10 more/10 less
from any number within 220

Models the number 10 more/10 less
from any number within 500

Models the number 10 more/10 less
from any number within 1000

eeess/eesssie®®®® [ s6isten
SHHEHH less than

96.
sssssssasasases

96 is ten

000 ﬁw..... more than
0OOOP OO0 ceend icn
OO000ICCI00C] less than

000007
UOOOCHOOOCIC)

..........

\ 106.

106 is ten
more than
96.

200 is ten
more
than 190
and ten
less than

210 is ten
more

than 200.

.||[]

.|||D

321is ten
less than
331.

331is ten
more than
321.

Ten less than 999 is 989
and
ten more than 989 is 999.

© 2019 All Learners Network

Models the number 100 more/100 less
from any century within 1000

Models the number 100 more/100 less
from any number within 500

Models the number 100 more and 100
less from any number within 1000

300 is one
hundred
more than

200 and one

hundred less

than 400.

312 isone
hundred
more than 212
and a
hundred less
than 412.

(]

653 + 100 = 753
and
753 - 100 = 653

+100
—-100

Page 4 of 7
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Developing and Extending Fact Fluency
Students use relational thinking to develop fact fluency within 10 and then extend those fact patterns to greater numbers.

Grade Two HLC Learning Progressions

Uses understanding of combinations to
10 to find combinations to 20.

Uses understanding of combinations to

Uses understanding of combinations to
10 to find multiple of 100s partners to

Uses understanding of combinations to
1s, 10s, 100s to add any numbers within
1000.

6+4=10
SO
16 +4 =20

AL JIC JL
0000 00

6+4=10
SO
60 + 40 =100

56+ =100
50 +40 =90
6+4=10

10 to find muiltiple of 10s partners to 100.
90 +10 =100

56 + 44 = 100 l

1000.

6+4=10
SO
600 + 400 = 1000

560 + __ =1000
500 + 400 = 900
60 + 40 =100

900 + 100 = 1000
560 + 440 = 1000

See model/strategy charts on the
following pages for examples of
adding and subtracting within 1000.

© 2019 All Learners Network
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Use Place Value to compose, decompose and recompose

Decompose both numbers to add and subtract, decompose one number to add and subtract, recompose like units, missing addend, compensation
There is an explicit connection between counting and addition (i.e. counting 10 more is the same as adding 10, counting back 10 is the same as subtracting 10).

Models & Strategies for Addition

Strategies

Place Value: Decompose
one number

Place Value: Decompose
both numbers

L wl

v 5 GE) : Ten Frames are not an efficient model for 3-digit computation.

: E ; See Grade 1 Progression for examples with 2-digit numbers.

5 5 3]‘44?\2 _41374 +15g)m

s @ - k33)7_ +200

= ) - B : ma

! OO RERRHR

] U ro L] o

s o ! — 3 00+00 374+100=474 24 -42=[332
I : k4= 474+ 50 =&g | T%ss +42=[200

: : 2 4004120412632y S24 ¥ k= 2272 +200
ST 300+100=400 +|5€ 374+i00=474 |[ 3TH+158, e
- an) : 30‘»%.4 e e yoo+70 =470 3’}% looi\so+% Y74+ 50 Z% éaa,?_ +200 . T’)g;{ +42-1200
¢ S 470 +50 =52D 524+ § = 332+200
co— 520+ 4 =529 +200

; g : 524+ 3 @ +100 ik : 2

: : + + (7] iy i ’V\ : : ﬁ\
; g : M +8 — 1‘/ 3/\‘/\4\; 332 M &
yZ | — . t T 374 474 524 e 8 =4

: .| 200 400 d0 5w HED

*We recommend starting with articulated number lines in Grade 2, and then connecting them to open number lines while moving from 2-digit to 3-digit computation.

© 2019 All Learners Network Page 6 of 7 HLC Grade 2 Learning Progressions (Revised 08/01/23)
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Models & Strategies for Subtraction

Strategies

. Place Value: Decompose !: Place Value: Decompose ! ! Missing Bompensation
both numbers one number Addend P
P
' 5 GE) : Ten Frames are not an efficient model for 3-digit computation.
. = Li‘Li ; See Grade 1 Progression for examples with 2-digit numbers.
AR EYTTY) 3906 - (32 396182 — 132+ __=310|[ 3T7-198
E & E 300/~\90~ lodrioez 06+%0+2 : AEEEERER %‘5‘/‘1—200
v S w o | 528220 SR e, ! HEEEEHEE 1824200382 | | FEEHEE S 77
E § T:U E ....... T ” 7 M; T i A !:_ :*HﬁEH - ?)%Z 372_ - I s ,/Jfa‘j’ ! éf/r//?
: ! 8 : e SRRt ,. g ! ! | g 4 I I BEEE "'l;u qu :570 :?:‘A/.{/% '1452: {
: .8 o e 300,00_ """""""" i . {0 20001042 | | pummpas 0 24,0 Jioat
o O H2%: g o 122! 36“0 /OO’Zq(o B e 377%—2—"37q;
O RRERRHRGE . ‘79 E ?O; 998999920 296 - §0=21 b H B i 19¢ +24200!
: i g3 ,_g;z Zoov+/0+'4= Ha4992¢ XX Zlb-2 :@ T 232 o - B 279 '200:
i . | 370 -132 39,-100-296 || 370 - (32 82409382 || 2777198, 377+23374]
L2 RS— Ziggo:é% ii2s Y 56 24 of39 || %379~ 200 2)]“]@-}2:“,'
¥ £ 8 ) -2= — 2 79 -200=
i T ! Number Lines are not e M% o 3
' g : an appropriate model m
g for this strategy. ~30 = GaD el .
L 5 . m R} G s 7 377 3m
o Z age 2% 30 ¥ ——— r e Sk
; ' 182 332 3 3

*We recommend starting with articulated number lines in Grade 2, and then connecting them to open number lines while moving from 2-digit to 3-digit computation.
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Multiplicative Reasoning

Grade Three HLC

Multiply and divide within 100 within context and with equations.

Students must use models to build understanding along this trajectory and interact with a variety of contexts for multiplication
and division. Models should support students' ability to unitize—-understand a group or collection of items represents “one.”
(For example, one group of 5 consists of 5 individual items but is classified as one group.)

Counting by Equal Groups (Unitizing) to Build Multiplicative Understanding (modeling and then counting by Is or skip counting)

Skip counts the equal sized groups or uses repeated addition to tell the
cumulative total of each group (no longer counts individual objects, but
counts equal groups).

one, two three, four five, six two four Six
( / ) N

O _/ S _/

Counts by ones in equal sized subgroups; counts individual objects within
the group.

© 2019 All Learners Network Pagelof8 HLC Grade 3 Learning Progressions (Revised 08/01/23)
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Operations: Multiplication and Division

Students must use models to build understanding along this trajectory and interact with a variety of contexts for multiplication and division. Models
should support students developing understanding of the magnitude of digits in their place values. In Grades 1 and 2, students thought about place
value as follows: 245 = 200 + 40 + 5. In Grades 3 and 4, place value understanding becomes multiplicative: 245 = 2(100) + 4(10) + 5(1)

Students also use relational thinking when composing, decomposing and recomposing

Multiplication - Composition and Decomposition

Grade Three HLC Learning Progressions

Organizes a collection into equal
groups.

Organizes equal groups into rows
and columns and skip counts by
rows OR columns.

Organizes equal groups as jumps
on a number line.

Uses an array to decompose into
smaller arrays.

Uses the area model for products to
100 (10x10) to understand length
and width as dimensions that are
1x1 square units.

Skip counts rows or columns

CIENED | mmmmmm e
3 ‘ANEEEE i
’ s T y
Q ) 12 AAEEEN T T T 150
( )18 Sl 5 10 15 20 25 30
OR 1§”62_=27f Decomposes side lengths using
s the distributive property
B —_— 4 .
6+6+6=18 36 9121518 BEEEERER -
+3 +3 +3 +3 +3 +3 4 . . . . . . : ! ! |
NN NN ...... S 3x4=12 3x2=6
0 3 6 9 12 15 18 T 11 HE ]
5 e i AX6= (%5 +(AXT 3x6=(3x4)+(3x2)
‘l/\#/_\}/—\}' 4x5=20 19 4 6T
0 6 12 18 P 5x6=18
© 2019 All Learners Network Page 2 of 8 HLC Grade 3 Learning Progressions (Revised 08/01/23)
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Grade Three HLC Learning Progressions

Properties of Multiplication These properties are investigated throughout the year with different numbers and problem situations. The sequence of how
the properties appear below does not suggest the order in which to explore them. Many times the properties can be explored simultaneously with student work.)

Identity Property

Commutative Property

Distributive Property

Associative Property

7x1=

DHE®

IS

| have seven groups of one,

which is the same as seven.

|

3x5=5x%x3

GGG

3+3+3+3+3 = 5+45+5

Three groups of five is the same
value as five groups of three.

+3 +3 +3 +3 +3

T T T
0 3 6 9 12 15

6x8=(6x5)+(6x3)

Eight groups of six is the
same value as six groups of
five plus six groups of three.

30 + 18 48

000000000
L a4 4 2 20,0,0,0,0,

100 bead rack illuminates
benchmark numbers

4x3x2

| can multiply
the dimensions
in any order to
find the volume.

(4x3)x2
12 x 2
24

4x(3x%x2)
4x6
24

Ty
Ty
Ty

(4x2)x3
8x3
24

© 2019 All Learners Network
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Developing Multiplication Fact Strategies
Fact fluency must develop through use of models, NOT through rote memorization. Students simultaneously explore properties of multiplication through
composition and decomposition which build relational thinking strategies.

Grade Three HLC Learning Progressions

*Below we show examples of how students might derive multiplication facts. These examples are not meant to prescribe certain strategies that must be used.

Practices and uses known facts
including 0, 1s, 2s, 5s and 10s facts
(referred to as foundational facts)

Derives 3s facts and 4s facts
using foundational facts, or other
derived facts.

Derives 6s, 9s facts using
foundational facts or other derived
facts.

Derives 7s and 8s facts using
foundational facts or other derived
facts.

Multiplying
by 2 is like
adding the
same
number
twice
(doubling).

2x6=6+6

| can quickly multiply
by 5 or 10 by skip
counting.

5,10, 15, 20

Multiplying by 10
is based on

place value.

4 tens =40 10, 20, 30, 40

3x6=(2x6)+6

To multiply by 3, | can just double
the other factor and then add one
more group.

To multiply by 4, | can just
double the other factor and
then double it again.

4x6=2x(2x6)

6x7=(5x7)+7

To multiply by 6, |

can just multiply the
other factor by 5

and then add one
more group.

To multiply by 9, |
can just multiply the

other factor by 10
and then subtract

one group.

9x4=(10%x4)-4

7x4=(5x4)+(2x4)

To multiply
by 7, | can
decompose
into parts |
know, like 5
and 2, and
then add
them
together.

SR
To multiply
by 8,
| can just
double the
other
factor
three times.

8x6=2x2x(2x6)

© 2019 All Learners Network
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Grade Three HLC Learning Progressions

Division - Composition and Decomposition students model both partitive and quotitive situations.

Shares by ones into equal sized subgroups-
shares individual objects until all items are
shared in groups equally (partitive division).

Uses repeated subtraction of equal size groups
or sharing in larger chunks (sharing by 2s, 3s, 4s
and 5s) until all of the items have been removed
from the total (quotitive division).

Organizes groups into rows or columns based
on total number of objects and the given
number of rows or columns.

Students will start to use the missing factor as
the answer.

Uses the area model to determine missing side
length (missing dimension) through 10 x 10.

Uses inverse relationship, and considers the
missing factor problem for multiplication to
solve a division problem.

Partitive

= # in each
group

12 + 4

in all groups

Qe

| have 12 cookies
to share equally
across 4 plates.

How many
cookies on
each plate?

Quotative

. — — # of
| have 12 cookies. 12 = 4 = —
Each plate inallineach group

holds 4 cookies.

How many §
plates do o
I have? ¢ O,
’ o 04

| have 30 books to organize on 5 shelves.
How many books are on each shelf?

30:5=_
30

S5x

How many
books per shelf?

| S—

5 rows ﬁ
(shelves)

||
|

I

||_|l

| want to build a garden that is 24 sq. feet.
One side of the garden will be 4 feet long.
How long does the other side need to be?

)

4 x =

24

© 2019 All Learners Network
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Grade Three HLC Learning Progressions

Composing and Decomposing Using Base Ten Units and Place Value - 1s, 10s, 100s (students must use models to build
understanding along this trajectory. Models should support students developing understanding of the magnitude of digits in their place values.)

Uses place value understanding to multiply
single digit times 10.

This involves extending understanding of
single digit x single digit to
single digit x a group of ten

Uses place value understanding to multiply a
single digit by multiple of 10.

This involves extending understanding of
single digit x single digit to
single digit x multiple of ten

Students decompose any number through
expanded notation.

3 groups of 1
3x1=3

3 groups of 4
3x4=12

EEEN EEEN EEEN

% so | know... ]

3 groups of 10
3x1ten=3tens =30

% so | know... ]

3 groups of 40
3x4 tens =12 tens =120

247 = (2 x 100) + (4 x 10) + (7 x 1)

.. o
I||| 4x10

3x10 =30 3x40 =120
( N\ N\ & 1) () 1\ 1 1)
EEEEN 7 %1
N
. 7 L ¥, /) \U 1/ U J
© 2019 All Learners Network Page 6 of 8 HLC Grade 3 Learning Progressions (Revised 08/01/23)
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Models

Grade Three HLC Learning Progressions

Models and Strategies for Multiplication (Across Grades 3-4)

Grade 3 Crade 3+ 4 I GCrade 4 I
Strategies
b a8 e o Partial Products
Skip Count E: Decomposition + Recomposition
dxYy
Equal Groups are not
an appropriate model
for this strategy.
't T 012
3XL[ 3X% 2x Y 3x4
® ®© o 0o L{ ® ® o9  ® 0 o0
® ©® ©® ¢ < @ ® oo @ ® 9
® © 006 ® 0 o0 o
® & o 0(D 1z o+ 12 =@
' ' L{
s | 2[5 (4[5 ]e |18 Bl %5
:m a 1o Il 1z 12 14 15 (o 17 I Iyt
Cog 11 19 11 20 2\ 22 23 @) @ @ﬂl 3| 3x20=60 ey
| 3x 3B |2 x24 K
! G Equations are not % 8 % R —- x4
T an appropriate model 2x20= L© 2%00
C T for this strategy. D x 4 = Yo G0
A T ‘LO i 2 i =1L + |7
PORRRE 1 3_!25
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Models and Strategies for Division (Across Grades 3-4)
Grade 3 Crade 3+ 4 I Grade 4 I
Strategies
Repeated Subtraction or Partial Quotients
Grouping/Fair Share x Skip Counting ¥ Decomposition + Recomposition
e 11253 128 . B 5
= ke ! 3 f 14 3
i £ @ 3x_=I2 @ L / Equal Groups are not
v O 3 o ' 9 2 an appropriate model
i 8 /‘/' Cé for this strategy.
' O
oo &. e e
P sisiiii .
o 123 IZ 3 ‘ e
gy : LF’E 1 3 g, 37_xi=|4qo Lo e 20 %D .=@
O HCRE ® o0 1440 12300 e IbD
> B = \ - b40 -wo/jﬁ
+ Cg '@ '@’O® " <00~ | Two o
P g O : = ‘ @ 32
E < E ®'9'e '\ 22x20: 04D | 220207 YO [32x52160
E. E . Toto | Area = I4Y0
: : 'z 3 U - '(_75 M40 =32 22[1440
v 2 J —q 2x_"_=1440 .L40 |20x 32
C : =12 2 9 3
. O Equations are not 3x © . 200
PR an appropriate model o .40 |20x32
- for this strategy. 2.6.9 12 - ?3 b0
' L ' Sl e A i
i T3 ® . Gw® ~160 |, 5x32
i : 0 ° 14>
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Multiplicative Reasoning

Grade Four HLC

Multiply and divide within 1000 within context and with equations.

Students must use models to build understanding along this trajectory and interact with a variety of contexts for multiplication and
division. Models will continue to support students' ability to unitize-understand a group or collection of items represents “one
(For example, one group of 5 consists of 5 individual items but is classified as one group.)

Counting by Equal Groups (Unitizing) to Extend Multiplicative Understanding

Skip counts the equal sized groups or uses repeated addition to tell the Combines equal sized groups in flexible ways to begin to explore partial
cumulative total of each group. products.

=) (=) (=) (=]

35 plus 35
. mm mm na equals 70
two four Six

\
. . 70 p|US 70

equals 140
. |
. . | can group i o
these fives
N\ Y, —

|

to make 2

more tens.

14 tens
s D equals 140.

LI

D

m_
D
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Operations: Multiplication and Division

Grade Four HLC Learning Progressions

Students must use models to build understanding along this trajectory and interact with a variety of contexts for multiplication and division. Models
should support students developing understanding of the magnitude of digits in their place values. In Grades 3 and 4, place value understanding is
multiplicative: 245 = 2(100) + 4(10) + 5(1) Students also use relational thinking when composing, decomposing and recomposing.

**Students are maintaining and using their fact strategies to solve basic facts through 100 within context and with equations.

Multiplication - Composition and Decomposition
Students derive strategies through the use of area models, decomposition of numbers, and relational thinking with known facts.

Uses the area model or array to decompose into
smaller arrays.

Uses the area model for products to 1000 (100 x
100) to understand length and width as the
dimensions of a 1x1square unit.

Students may use a variety of strategies to
calculate the product.

Decomposes the side lengths to use the
distributive property with numbers through 100
x 100.

Uses the partial products method to solve
multiplication problems with numbers through
100 x 100

7x32=7x(10+10+10 + 2)
7 x32 = (7 x10) + (7 x 10) + (7 x 10) + (7 X 2)

—_

o
W
N

~N
|||||||8
|||||||5
EEEEEEN
EEEEEEEN

23x7=(20 +3) x (5 + 2)
23x7=(20%5) + (20 x 2) + (3% 5) + (3 x 2)

z

20 |20x5 =100

23 |

20x2=40

3| 3x5=15
i

3x2=6

28 x 49 =

49
40 9
Area
Model
20 20 x 40 = 800 20x9 =180
28
8 8 x 40 =320 8x9=72
I
800 + 320 +180 + 72 = 1,372
28
X 49
Partial e~ 180
Products x
8 x 40 320
8x9 _+ 72
1,372

© 2019 All Learners Network
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Grade Four HLC Learning Progressions

Properties of Multiplication (These properties are investigated throughout the year with different numbers and problem situations. The sequence of how
the properties appear below does not suggest the order in which to explore them. Many times the properties can be explored simultaneously with student work.)

Identity Property

Commutative Property

Distributive Property

Associative Property

7x1=

DHE®

IS

| have seven groups of one,

which is the same as seven.

|

3x5=5x%x3

GGG

3+3+3+3+3 = 5+45+5

Three groups of five is the same
value as five groups of three.

+3 +3 +3 +3 +3

T T T
0 3 6 9 12 15

6x8=(6x5)+(6x3)

Eight groups of six is the
same value as six groups of
five plus six groups of three.

30 + 18 48

000000000
L a4 4 2 20,0,0,0,0,

100 bead rack illuminates
benchmark numbers

4x3x2

| can multiply
the dimensions
in any order to
find the volume.

(4x3)x2
12 x 2
24

4x(3x%x2)
4x6
24

Ty
Ty
Ty

(4x2)x3
8x3
24
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Grade Four HLC Learning Progressions

Division - Composition and Decomposition (Students model both partitive and quotitive situations)

Shares equal sized portions from the total to
each group using benchmark sized quantities
(10, 5,2 and then 1s) from a whole within 1,000.

AND/OR

Subtracts equal sized groups of the divisor from
the total.

Uses inverse relationship, and considers the
missing factor problem for multiplication to

solve a division problem.

May use partial products and foundational facts
to build up to the total.

Uses partial quotients, removes larger-sized
products using the divisor as a factor, multiples
of benchmark numbers, and multiplication
facts.

Partitive . .
104+ 4 ="pae

in all

LOBD

| have 104
cookies to
share equally
across 4
platters.

groups

How many
cookies for
each platter?

Quotitive

104+ 4 = ;i3

| have 104

in all in each group

cookies. | need
to put four
cookies in
each bag. i

How many
bags can |
make?

480 + 15 =
15 x =480

?

15 480

1x15 =15
2)x 15 =30
10|x 15 =150
20x 15 =300

32 x15 = 480

(2 x15) + (10 x 15) + (20 x 15) = 480

480

1,440 + 32 =
32 X = 1,440

?

20  + 20 + 5
1,440 800 160
- 640 -640 |-160

800 160 0

32
1,440
321,440
-640 |20 x 32
800
- 640 |20 x 32
160
-160 |+ 5 x 32
O |45

© 2019 All Learners Network
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Grade Four HLC Learning Progressions

Composing and Decomposing Using Base Ten Units and Place Value - 1s, 10s, 100s, 1000s (students must use models to build
understanding along this trajectory. Models should support students developing understanding of the magnitude of digits in their place values.)

Uses place value understanding to multiply a

single digit by multiple of 10.

This involves extending understanding of

single digit x single digit to
single digit x multiple of ten

Understands expanded notation of numbers to
1000. Students are thinking multiplicatively
about place value.

Understands that each place is 10 times more as
you move to the left.

Uses place value understanding to decomypose
factors to multiply using area model and partial
products.

3 groups of 4

3x4=12

EEEN EEEN

EEEN

% so | know... ]

3 groups of 40

3x4 tens =12 tens =120

3x40 =120

(I|||\ (||||\
& L/ N\ L

(||||\
\_ L/

Expanded Notation
275=(2x100)+(7x10) +(5x1)

Thousands Hundreds Ones

I

Multiplicative View of Place Value

Each place is 10 x more - NOT “adding a
zero” or “moving the decimal point.”

Tens Ones

2
|

Hundreds

99090

24x10 =

Tens

4
1l

Hundreds Ones

2
L

23 x 34 = (20 + 3) x (30 + 4)
20 x 30 = 600
30x3=90
4x20=280
4x3=12
600 +90 +80 +12 =782

© 2019 All Learners Network
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Models and Strategies for Multiplication (Across Grades 3-4)

Grade 3 Grade 3+ 4 I Grade 4 I

Strategies

T Partial Products
'+ Decomposition + Recomposition

dxYy
Equal Groups are not
an appropriate model
for this strategy.
®
® <
® (D

4 3xY
® ® e ® ® o » ® © o0

= ® ©® o A EENEERES
O ® © o o ® ®© o o

O A% B % dH q

§ & BN GAERE 8[| 2

E 8 ! q e (lll1]1zliylls|le 1 40 o [oX 20=200 [0x4=tp

Cog 11 19 11 20 2\ 22 23 @) @ -;1@% 3| 3x20=60 ey

oo 3x 3B |2 x24 13

i G Equations are not % 8 % R x4

T an appropriate model 2x20= L© 2%00

L g for this strategy. o x 4= 4o s

il Ho + 3 x4 = e

© 2019 All Learners Network Page 6 of 7 HLC Grade 4 Learning Progression (Revised 08/01/23)
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Models and Strategies for Division (Across Grades 3-4)
Crade 3 Crade 3+ 4 I Grade 4 I
Strategies
Repeated Subtraction or Partial Quotients
Grouping/Fair Share x Skip Counting : : Decomposition + Recomposition
™= 23 L R b @
: 2 v { 14 i 3
i £ @ 3x_=I2 @ L / Equal Groups are not
v O 3 o ' 9 2 an appropriate model
i 8 /‘/' Cé for this strategy.
' O
oo &. e e
% :“.'.'.'.'.:'.; : | o
D —_ , Z £ 3 ' 2 3 s'
© -y Q 1 3 g, 22%x_._=l440 20 + 20 4 5 _:@
O HRE ® o0 Iq40  1oR00 o 16D
> B = \ - b40 -wo/jﬁ
+ Cg '@ '@’O® " <00~ | Two o
g O ; - . ® 22
E < E ®'9'e '\ 22x20: 04D | 220207 YO [32x52160
E. E . Toto | Area = I4Y0
;L 'z 3 U - '(_75 4o = 32 2214490
v 2 J —q 2x_"_=1440 .L40 |20x 32
& i =12 3 g 3
. O . Equations are not 3x © . 200
P m o an appropriate model o _ 40 |20x32
- for this strategy. 2.6.9 12 - ?3 b0
' L ' Sl e A i
i T3 ® . Gw® ~160 |, 5x32
s : o o 1@>
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Grade Five HLC Learning Progressions

Foundational Understanding of Fractions

The 5th grade HLC progression focuses on operating with fractions. Prior to operating with fractions, students should have opportunities to
compare and order fractions, reason about the relative size of fractions and develop understanding about equivalent fractions.

(see 5th grade HLC progression on the subsequent pages)

Equipartitioning Visual Representations Equivalence using Visual Comparing and Ordering
Equipartitioning is directly related to Students need to interact with multiple | Representations There are a variety of reasoning
multiplication factors. visual representations of fractions. Students need to explore equivalence strategies to compare/order fractions.
through use of many different models. | Below are a few common strategies.
Example 1: Folding paper to make
eighths, first fold the whole in half. Tape Diagram / Number Line Common Numerator
Then fold each of those pieces in half. I
Then fold each of those in half to have
: . N N 2
eight equal parts. This connects to 3 : - /‘\‘ (o) L (3 \ 2 > 2
5 — | S s | 3 3 6“1z
8=2 X 2 X 2 as we break apart the whole 4 Y T 1 A
in half, in half again, and again once 4 # R I I I I L is law
more. 0o 123243 b—l'l’m- 5_{
[ 1 Set Model LT 6 @ "z
7, 7L oL = .Z_.
3 A .
LN IELO R Comparison to 0, ¥, 1... (< or > %)
Z o 1‘3 % voLis lessdhany
‘ ! \ 1
T Er T .,z
Example 2: In making twelfths, first . 2 Y
fold the whole in half. Then fold each of | LiN€ar Model -
those pieces in half. Then fold each of = —tt ,",,c.\l
’ ; O L = 3 4 . er 7
those in thirds to have twelve equal 5 s 5 s 5 ' % i3 gesle
parts. This connectsto 12=2 x 2 x 3 as = N
we break apart the whole in half, in 3 1 1 e Distance from a benchmark
half again, and then in thirds. =
— L ) o o
T2 —t —
0 Ab i o.XLz22 % 3
= = Number Line ‘ s s¥ 7% ! %7,4
— [ ; '."“":l
NUN NTUR R iz L & 8
NERERE 5 Ay —= ° ¥ g g |
L,‘.LLLI‘_LLL_LLL 3 o—'s-}.l i35 & ¥ i;sc/“”ﬂb
iz|@| ||z fee| | i i |z iz 2 3 3 3% 3 g+v 1 Hmang
© 2019 All Learners Network Page1of 4 HLC Grade 5 Learning Progression (Revised 08/01/23)
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Grade Five HLC Learning Progressions

Grade Five HLC

Add, subtract, multiply and divide with fractions (in context and in equations) using visual representations

September  —

Grade Five Learning Progressions June

Students must use models to build understanding along this trajectory and interact with a variety of contexts of adding, subtracting, multiplying and dividing
fractions. **NO algorithms before conceptual understanding is SOLID. Introducing algorithms too early interrupts and/or has a negative impact on understanding™*

—

Adding & Subtracting Fractions

Students move from adding/subtracting with same denominators to adding/subtracting with different denominators.

Compose and decompose using
unit fraction knowledge

Add unit fractions using the area
model. Partition models into the
same number of equal parts

Use area models in relation to a
benchmark number

Add fractions using double number
lines

7
Students compose 3 by adding

U S
—+ ===t

1
s Tststs s te "

| & oo|

has the same value as — +

©| w 0| =

Linear Model

2
& =
) * ¥

1 | | | | |
gagagaa

W

A

—

g
Jumps on a Number Line

1

2 6

|
z L

+z I T 1]
LT T
\/\f\_)

2
)
L
2
(
+E
a2
(A

1 3 2
-+ 3 has the same valueas — + =

“ % is % away from 1 whole.”
7+1_7+4_13
8 2 8 8 8

ERNENEEN

®|=

oo\s |

Ll
ARNNNENE

ole oo

oo

N| =
wW| =

Slw
&
clv
[\}
e

%

w\f‘ - ﬂ&—'

O
‘-Iv.

NI--

s\

o-—-
Ulnte B o
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Multiplying Fractions

Students will interact with a whole number times unit fractions, then a whole number times a fraction less than 1, then move to unit fractions times unit fractions and
finally to all other fraction multiplication types. Students will recognize and discover the patterns that lead to the standard algorithm.

%suelglslua; Lenﬁ‘ﬁfaegtﬁiac;nnsdtz Use area models to multiply unit Use area models to multiply Use area models to multiply any
Py fractions like ¥5 x Y2 non-unit fractions like 3 x 12 two fractions.
whole number
. . 1 1, 3 1 _, 2 3
Tape Diagram/Number Line “What is 3 of 5 ? “Whatis 2 of 3 ? 11— x —
3 4
\
S M. N 1 1 3 1
I ¥ i | 1 —_ X — — X —
5 + = 4 1 2 3 4 2
4 4 4
]
1 1 3
3xz—3groupsofz—z |
Set Model
%. »,,:3"’!
o000 33 1% A
Area Model
3+
i
4
y Jp-F. Open Area Model
4 _3_%
¢ a
| | 3 = 2.3
a7 ! L doods 3 1_32 —lx‘i%) =Kq =2
I, 7X37C 3432 1 > n
t 9y 3 2
HLC Grade 5 Learning Progression (Revised 08/01/23)
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Dividing Fractions

Grade Five HLC Learning Progressions

In 5th grade, fraction division focuses only on problems with a whole number and a unit fraction (unit fractions by whole numbers, whole numbers by unit fractions).
Students will be exposed to all problem types; partitive, quotitive, multiplicative change, measurement conversion and rectangular area.

Use visual representations to divide 1 by a unit
fraction

Use visual representations to divide a whole
number by a unit fraction

Use visual representations to divide a unit
fraction by a whole number

Quotitive

“How many groups of ¥ are there in 1?”
“How many % cup scoops of flour are there
in1cup of flour?”

Multiplicative Change modeled with
Rectangular Area

“1is ¥4 of the total. Find the total”
“1 gallon fills ¥4 of the gas tank. How many
gallons does the whole tank hold?”

Quotitive

“How many groups of ¥5 are there in 2?”
“How many ¥4 foot bracelets can | make out
of 2 feet of ribbon?”

Multiplicative Change

“2 is Y5 of the total. Find the total”
“2 feet of rope is ¥4 of the total length. How
long is the rope?

Partitive

“There is V2 of a pan of brownies to be
shared equally between 3 people. Each
person will get % of a pan of brownies.”

o«H“';:n

NV

Measurement Conversion

“I have Y2 foot of ribbon. How many yards of
ribbon do | have?”

0 l/2 £t 2 feet
!
o [+) & 3z |&H—+—+—+++1>
| ! — i s —
', o |2/ 4 ¢ At
ﬂ O '/b \/d | \/arcl
© 2019 All Learners Network Page 4 of 4 HLC Grade 5 Learning Progression (Revised 08/01/23)




se0e e
*e @ ALL LEARNERS NETWORK
0 000 o

Grade Six HLC Learning Progressions - DRAFT

Proportional Reasoning - Ratios

Grade Six HLC

Use visual representations to compare ratios, and solve problems including those involving unit rates and percentages

September

—

Grade Six Learning Progressions

e June

Students must use visual representations to build understanding along this trajectory and interact with a variety of rates and ratios.

**Be VERY cautious of introducing algorithms before conceptual understanding is SOLID**

Critical Strategies: Look for and identify multiplicative relationships in tables and diagrams.

Visually represent and interpret a
ratio between two quantities
(two quantities could connect
part to part or part to whole)

Find equivalent ratios
(Initially ratio tables are created through skip counting, then students
recognize multiplicative relationships)

Use multiplicative reasoning, unit rates and/or
equivalency to compare ratios and solve more
complex problems.

2 fish : 3 frogs . .
Mix A - Lemonade |

X & A -

100 grid
25% of 100

Visual rep with iteration

Fish Frogs oy 5 5
O —
=
T EES dap
2 3 oy B
3P Az
4 6
© 0,
6 9 (7
8 12

Hsh

Cont. on next page

Ratio Table
Mix A: 5 cups of lemon to 4 cups of water
Mix B: 3 cups of lemon to 2 cups of water

Mix B is more lemony - it
has more lemon to 1 part
water or more water to
15 parts lemon.

mix A mix B

lemon |wator lowon | water
e 5| 3 12 ):2
COPI P rs = B
226 2¢]| | 15 |10

1o 7/"3

15 iz

Cont. on next page

© 2019 All Learners Network
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Grade Six HLC Learning Progressions - DRAFT

Find equivalent ratios (cont.)
(Initially ratio tables are created through skip counting, then students
recognize multiplicative relationships)

Use multiplicative reasoning, unit rates and/or
equivalency to compare ratios and solve more
complex problems. (cont.)

Multiplicative reasoning and scaling

6 fish _ 2fish 8 fish
9 frogs 3 frogs = 12 frogs
IScrs

/\/\_———-——\

If there are 15 cups of lemon, 2131213131

how much water is needed?
BN EN ER ER
N
1Zcvps

Identify unit rates in multiple contexts

6 pounds of rice costs $3. How much will it cost for
7 pounds of rice?

_‘,2 =73 1-'

L 3
D)
L

Rice(lbs.) 7
Cost($) | 3 | 1.50 &so} 3.50

Percent Bar
66 is what percent of 2207

O 16 20 30 Ho 50 40 o &0 90 100)

230 4o
10

O 22 44 &b 88 po 13z ISY 176 19% 290

Double Number Line

40% of 65
=10
% x2
/1:‘/\
¢.5 13 20 5
Z 1 l 1 | 1 | | | l | |

I I 1 I I I I 1 T 1 .'>
0/ lo 20 > Yo 50 0 70 $0 Fo 1007,

Page 2 of 2
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Grade Seven HLC Learning Progressions - DRAFT

(Proportional Reasoning)
Proportional Reasoning

Grade Seven Proportional Reasoning HLC

Recognize proportional relationships and identify the unit rate in tables, graphs, equations and in context.

September — Grade Seven (PR) Learning Progressions —» June
Students must use visual representations to build understanding along this trajectory and interact with a variety of proportional contexts.
**Be VERY cautious of introducing algorithms before conceptual understanding is SOLID**
Critical Strategies: Look for and identify multiplicative relationships in tables and diagrams.
(The cross products algorithm does not qualify as demonstrating understanding.)
Look for and identify proportional relationships. | Determine the constant of proportionality (k) Write an equation in terms of k
Visual Representations Graphs 3 Can create y = k-x equation and move
b , ,;g; D ,,g,, % ﬂwdly‘ between graphs, tables and
, ‘ Y sk g 2 equations
§ .
&8 4 y = cost in dollars
B X = number of oranges
k = 4050 - -
y=05x
oranges 0 3 4 6 | ‘2
Tables Number of oranges
Cost ($) 0 1.50 2.00 3.00 Tables
* Yo
) ‘ oranges 3 4 6 10 1
y . k=05
. / Cost($) | 1.50 | 200 | 3.00 | 500 | k
E . L
Graphs - L
8 1 /
e , _ Yy
— ! Equations ——
| | | | | :B
Number of oranges
© 2019 All Learners Network Page 10of1
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(Expressions and Equations)

Expressions and Equations

Operate with signed numbers and create equivalent expressions.

Students must use visual representations to build understanding along this learning progression. Algebra tiles are strongly recommended since students use tiles to

model in elementary through high school mathematics. **Be VERY cautious of introducing algorithms before conceptual understanding is SOLID**

Critical Strategies: Zero pairs are useful tools when working with signed numbers.

Understanding Integers

Build and Create Equivalent Expressions
Possible contexts: temperature, money/debt, elevation

Possible contexts: temperature, money/debt, elevation, area, perimeter, emotions scale

Models: ' Algebra Tiles Collect Like Terms
e Numberline
(horizontal + vertical) XAXAX = 3% 3% +-2 + -2X + | K+ IR+ 2+
e 2 sided chips/Algebra tiles X % 4+ 4
| 1
Students should: 34 | I - -3x - . _
e Compare integers by thinking about | -

their distance from zero and using >, <, =
e Use zero pairs

Distributive Property 5(23) = 5(20 + 3)
Make connections
‘ ‘ . between whole number | 20 + 3
and variable models

1zero pair 2 zero pairs & 100 s

| 4 4 = O Z+2=0

1 1 |
N

Cont. on next page

© 2019 All Learners Network Page 10of 2 HLC Grade 7 (EE) Learning Progression (Revised 08/01/23)
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2009, (Expressions and Equations)
Operations with Integers
Possible contexts: temperature, money/debt, elevation, area, perimeter, emotions scale
Add 2+ (-0) = -4 Multiply 5 x (-2) = 10 Notice Patterns:
-3x3=-9
-3x2=-6
-3x1=-3
-3x0=0
3x-1=3
1R 3x2=6
5 grovps of (-2)=-l10 etc...
-2 3 -2 -2 -2
-G
e
< : : : : :\q : : > -il -lo 9 % -1 -6 -5 -4 -3 -2 -1 o 2 )
-4 -3 -2 -1 0 1 2 3 4 5 jumps of(-2) = -lo
Subtract 2-(3)=5 Divide -8 -2 = -4
By adding 3 'zero pairs'
. you cah then take away 3
negaﬁver;. -%n 2 g.aups
X 2
Two jumps of -4 = -9
2 -1 O 1 2 3 4 5 6
A A T YT N
\ / L] LJ LJ L} > L] L} v . . .
a - -7 - 5 -4 -3 -2 -1 0 1

© 2019 All Learners Network
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Grade Eight HLC Learning Progressions - DRAFT

(Expressions and Equations)

Expressions and Equations

Solve equations for unknowns which may include signed numbers.

Students must use visual representations to build understanding along this learning progression. Algebra tiles are strongly recommended since students use tiles to

model in elementary through high school mathematics.

Critical Strategies: Use inverse operations for solving problems

**Be VERY cautious of introducing algorithms before conceptual understanding is SOLID**

Solving Equations
Connecting visual representations to algebraic notation

Understanding the number and meaning of solution(s)
The solution is the value(s) of x is that makes a given equation true

Algebra Tiles

Grouping/ fair share

Add +2 to
‘zero' out the -2

Hangar Diagram

Key: x '@

Z()(H) = Hal H= .

TR TR & L

I R
- Z-_Z.\H»Z
iy + L
[ 4
[ 4
§ = L
) ™

Other representations: Money bags, pan balance

In context of solving an equation:

x = infinitely many solutions:

B

4

In this example,
3x + 3= 3(x+1)
shows that x can
have any value, so x
has infinitely many
solutions.

add @AA
e B ® A A
B AA

X has no solutions:

In this example,
3X+3=3(x+2),
there is no value of x
that will make this
true, so x has no
solution.

© 2019 All Learners Network
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Linear Relationships

Understand linear relationships using contexts, tables, graphs and equations. Make connections among representations of linear relationships.

Students must use visual representations to build understanding along this trajectory and interact with a variety of linear contexts.
**Be VERY cautious of introducing algorithms before conceptual understanding is SOLID**

Critical Strategies: Finding the rate of change between two quantities (x and y) and the vertical intercept or initial value

Verbal (in context) Tables Graphs Equations
Initial Value of 100 Initial Value of 100 is found Even when x is 0O, you still will have
At Monster Ski Mountain, the cost (when xis 0,y is 100) when x=0, on the y-axis to pay $100 so your
for a Bash Badge is $100. Once = : Initial Value is 100
you purchase a badge, you then t'#l?f e A ym
pay $20 for each day you ski. 'c(x;ts . 1‘
Initial Value (Starting cost/out of AR M. V{"z’\
ocket) = $100 o 4 i
pocket) = § : y =20/x|+ 100
3 \_/
Rate of Change= $20 for every 5 o’
ticket you purchase. %
i Ax=+4 =+80 .
f." nk|rjc;:rease of $20 for every 1 * \ K i; sl ' I i I For every 1x, y increases by 20 ...
Icke [ So your Rate of Change is 20
*Note: the vocabulary “initial value”
& “rate of change” comes directly 12 240 - '\
from Common Core )
Rate of Change ] >
An increase of 80 for every 4 x's - - - - .  Squationsg
= an increase of 20 for every 1 x o N
Total number of ski Tickets
A Rate of Change
Yy . @ . E For every 3 X’s, y increases by 60 so...
Ax - 4 - 1 For every 1X, y increases by 20
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